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ABSTRACT 

It is shown that the representation transformations of multiquark wave functions 
between different coupling schemes are just the Racah coefficients of the permu- 
tation group. The transformation coefficients between the flavor-spin (FS) and 
the color-spin (CS) schemes are obtained. As an example, the expansion of the 
physical bases in terms of symmetry bases in the CS scheme are given for the 
interesting cases YIJ = 201, 210, 000. 
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I. Introduction 



To understand baryon-baryon interactions, and in turn to search for dibaryon 
candidates from the fundamental strong interaction theory QCD, is still a chal- 
lenge to contemporary physics. Due to the complexity of confinement, one relies 
mainly on QCD inspired models. The central problem in the computations is the 
many-body matrix element calculation. If one wants to do systematic studies, a 
powerful method is indispensable. 

In the calculation of baryon-baryon interactions and dibaryon masses, of the 
bases that can be used to span the model Hilbert space 1,2 , two are of particular 
interest. The first is the so-called physical basis, the other, the symmetry basis. 

The physical basis is nothing more than the quark cluster model basis, which 
is constructed directly from two single baryons: 



where a = (YIJ), k represents all the other quantum numbers and A is the 
pairwise quark antisymmetrization operator. The physical basis has the advan- 
tage that it has definite dibaryon content in the asymptotic region, but it has the 
disadvantage that it is not convenient for the calculation of matrix elements. In 
order to take advantage of the fractional parentage expansion technique, which 
has been widely used in atomic and nuclear physics, one has to use the symmetry 
basis. 

The symmetry basis is the group chain classification basis: 



* aK (BiB 2 ) = A[il>(B 1 MB 2 )] 





(1) 




(2) 
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where K represents other quantum numbers and the group chain we use is 

SU(36) D SIT(2) x (SU(18) D SU C (3) x (SU(6) 

D (SXJ f (3) D SU T (2) x U y (l)) x SIT))(2) (3) 

The symmetry basis has its own disadvantage: Most of the quantum numbers in 
Eq.(3) are just mathematical labels with no physical meaning. Thus they do not 
describe either conserved quantum numbers, nor definite dibaryon content in the 
asymptotic region. 

To take both the advantages of these two bases, one must first express the 
physical basis in terms of symmetry basis, then calculate the many-body matrix 
element using the symmetry basis, and finally transform the results back to the 
physical basis. Hence, the transformation between the physical and symmetry 
bases is needed. Since the two bases both are complete in the truncated model 
Hilbert space, they are related by a unitary transformation. The needed trans- 
formation coefficients in the u, d and s 3-flavor world have been tabulated for the 
flavor-spin (FS) scheme 1 ' 3 specified by Eq.(3). 

In different applications, the coupling orders are also different. In the FS 
scheme, the coupling order is as follows: 

(1) SU^(6) d SUf(3) x SU°{2\ [f] x [oj] - [//]. 

(2) SU C ^(18) D SU C (3) x SUf°(6), [a] x [/j] -> 

(3) SU xcfa (36) D SU X {2) x SU cfa (18), [u] x [v] -»■ [l 6 ]. 

In the most popular color-spin (CS) scheme, the coupling order is: 
(1) 5^(6) D SU C (3) x SU°(2), [a] x [aj] 
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(2) SU caf (18) D SU ca (6) x SU f (3), 



W) x [/] - n 



(3) SU xcaf (36) D SU X (2) x SU caf '(18), 



M x [*] - [I 6 ]- 



Each of these schemes has its advantages. For example, in the CS scheme, 
the expectation values of the color magnetic operator 



can be easily calculated. In the FS scheme useful results already exist. 

To understand the relation between results obtained in different coupling 
schemes and make our Tables 3 more useful (for example, to expand the phys- 
ical bases in terms of symmetry bases in the CS scheme), it is necessary to know 
the unitary representation (rep) transformation between the bases in the differ- 
ent schemes. Fl. Stancu 4 has studied the rep transformation in the u, d 2-flavor 
world and obtained the transformation coefficients for the cases (YIJ) = (201) 
and (200) as well as several trivial cases. 

Because of the plethora of phase conventions possible for the Clebsch- Gordon 
(CG) coefficients of SU(ra) for n > 3, it is highly desirable to have a systematic 
and phase consistent method to calculate the rep transformation coefficients. In 
this work, we will prove that the rep transformation coefficients are just the Racah 
coefficients of permutation group, S(n). (See Sec. II). Since the S(n) D S(n — 1) 
isoscalar factors are available 5 , the Racah coefficients of S(n) for n < 6 can be 
calculated based on the genealogical method. As an application, the expansion 
of the physical bases in terms of symmetry bases in the CS scheme are obtained. 



i<j 



(See Sec. III). 
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II. Rep transformation coefficients and Racah coefficients 
of S(n) 



It is well known that the irreducible basis (IRB) of SU(mn) D SU(m) x 
SU(ra) can be constructed from the IRBs of SU(m) and SU(n) by using the CG 
coefficients of permutation group. 



m, /3[is 1 \W 1 [vi\W 2 > mi >™ 2 



rriiWi 



H 

m 2 W 2 



(4) 



where (3 is the multiplicity index in the coupling [z/jj x [z/ 2 ] — > [i/], mi,m 2 and m 
are Yamanouchi labels. 

Based on Eq.(4), we can write down multiquark wave functions (for 6-quark 
color singlets) in the different schemes. The steps to achieve this are: 
I. FS scheme: 

(1) [/] x [aj] - [/,] 



/ ^fmf,ajmj 

P[f]W f [aj]Wj I m f> m J 



(2) [a] x M - [*] 



If] \ 
rrifWf I 



mjWj 



(5) 



(3) [u] x [*] - [1^] 
5> F5 — r^ 6 ! 1 r 9amp nW™-^ 

/ i vmv,vmo crmcjfxmp fm,f,ajmj 

all m 



E 




mf,mj,m c ,m 




w \ 


[/] \ 




rrifWf ' 


M \ 


w \ 


/ 





w \ 

[/] \ 
rrifWf I 



(6) 



(7) 



2. CS scheme: 

Following the same steps, the multiquark wave function can be written as 

all m 

(8) 

The multiquark wave functions in different schemes are related by a unitary 
transformation, so we have 

*? 5 =E<7«*r- (9) 
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where i,j represent intermediate quantum numbers v a >, /iL, u a , /ip. Substituting 
Eqs.(7) and (8) into Eq.(9) and making use of the ort honor mality of bases and 
unitary conditions of CG coefficients, we directly derive the expression for the 
transformation coefficients, Cif 

r< — \ " ^iV^c /-/^'"V ^fv a mz ^iHprn^ /-.„x 

Comparing Eq.(lO) with the definition of the Racah coefficients of the permuta- 
tion group, we see that the Cy are just the Racah coefficients except for a phase 
factor, 

Qj = U(aaji>f; e{ajffi p ) (11) 

where a, a', j3, and f3' are multiplicity indices appearing in the coupling, a x /i — > 
is, [/,' xf is, fxaj [AjCtxctj —> (/,', respectively, and the phase factor e(cr jffip) 
comes from the interchange of the order of / and Oj in the coupling / xaj — > jip. 

In order to obtain the rep transformation coefficients, the Racah coefficients 
of the permutation group are needed. (The phase factor e{<jjfnp) is already 
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M \ 


If] \ 


w \ 


m v W v 1 


rrifWf 1 


m c W c 1 



mjWj 



available 5 ). We are unaware of any publication of the complete Racah coefficients 
for the permutation group (up to S(6)). Vanagas has given algebraic expressions 
for some simple cases 6 . Because of the phase choices available for the SU(ra) 
CG coefficients, one has to choose a systematic and phase consistent method to 
calculate the Racah coefficients, especially for physical applications. 

We use the genealogical method to calculate the Racah coefficients of S(n) 
(n < 6) based on the existing phase consistent isoscalar factors (ISF) of S(n) D 
S(n — 1) (n < 6). We start from the trivial S(2) Racah coefficients, by using the 
formula 7 

fixed v' 

^'^[^012023 69' 

^yVl2l3i2y i2 dl2 ^Ul3,u'0 ^^23/323,^23^23 f~ivfi',v'0' (lO) 

v\v\,V2v' 2 vi2v' X 2> v Z v 'z V2v' 2 ,v 3 v' 3 uiv' lt V2 A v' 2 . A V / 

where z/'s and /3's are Yamanouchi labels and multiplicity indices of S(n), and z/'s 
and 0's are those of S(n — 1). C^f ^J? 612 , • • ■ are the S(n) D S(n — 1) isoscalar 
factors. The Racah coefficients of S(n) can be obtained sequentially in n. 



III. Results 

We have carried out the calculation of the Racah coefficients of S(n) for n < 6, 
based on this genealogical method. The Racah coefficients of S(6) needed in the 
transformation between the FS scheme and the CS scheme are given in Table 
I. The rep transformation coefficients between the FS and CS schemes in the u, 
d, and s 3-flavor world are obtained with the aid of parts of the table of phase 
factors given by Chen et al 5 , which are shown in Table 2. 

We reproduce Tables VII and VIII of Stancu 4 for the transformation between 
the FS scheme and the CS scheme with the exception of the absolute phase of 

7 



some bases. (For (V/J) = (201), the phases of [42] [3111] and [42] [2111] for the 
CS scheme should be negative. For (V/J) = (200), no phases need be changed). 
We also expand the physical bases in terms of symmetry bases in the CS scheme. 
Tables 3-5 show the results for (V/J) = (210), (201) and (000), respectively. 

Here, we want to emphasize that the importance of phase consistency. Our 
result for (YI J)=(201) is different from that of Table IX of Stancu. This is due to 
a phase inconsistency in the calculation of Stancu, as we now show. In expressing 
the physical bases in terms of symmetry bases in the CS scheme through the 
expression of physical bases in the FS scheme and the transformation between 
the FS scheme and CS scheme, we need two successive transformations. In either 
step, the absolute phase choice of each basis can be chosen arbitrarily, but one 
has to use the same phase for each of the intermediate FS coupling symmetry 
bases to calculate the rep transformation coefficients in either step. 

Since we can reproduce Tables VII and VIII of Stancu, the phase choice 
for the FS coupling symmetry bases of Stancu is the same as ours. However 
the phase choice for the FS coupling symmetry bases of Harvey is different 3 . 
Stancu directly combined Harvey's transformation Table XI with her Table VII to 
obtain her Table IX. The phase inconsistency in making these two transformations 
produces the incorrect entries in Table IX. This can be seen by the following 
general argument. 

For the nucleon, N, the CS symmetry must be [/Xj] = [21] due to the color singlet 
[l 3 ] and 1/2 spin [21] symmetry properties. Similarly, for the NN physical basis, 
the possible CS symmetries, according to the Littlewood rule, are [42], [411], [33], 
[321], [2211] and [3111]. The symmetry [21111] cannot appear in the coupling of 
[21]x[21], and so the entry in the last column of the first row in the Table IX of 
Stancu should be zero. Similar arguments can be applied to the 2nd, 3rd and 4th 
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columns of the 2nd row in the same Table; all these entries should be zero. 

In conclusion, we emphasize again that one must be extremely careful in quot- 
ing results from different papers because of the lack of unified phase conventions. 
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Table. 1. 



The Racah coefficients U (u^uu^; ^12^23)^^/ of S(6) with [i/i]=[222], P12 = 1 and 
/?' = !. The meaning of the table heading is as follows: 



H; N 




[^231/323 









where the symmetry originally denoted by Young diagrams is denoted by numbers 
defined in table 6. All the entries represent the square of the Racah coefficients and a 
minus sign signifies a negative coefficient value (This applies to all the Tables of this 
paper). 

M = [i 6 ] 
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-1/ 1U 




p. 

t>l 




/in /1 on 
-4y / izu 


q /on 
-0 / 


1/d 


1 /^n 
1 / oU 




02 


I/O 


1/5 




-z / 


n 


-l/O 




8 


3/8 


-1/24 





-5/12 


1/6 




10 


1/8 


-1/8 


1/4 





-1/2 



81 82 



9/80 5/16 -9/16 -1/80 
8/15 1/6 -3/10 
-5/16 5/16 1/16 -5/16 
1/24 3/8 5/24 3/8 



3;7 




v 
3/o 




3 


9/16 5/16 -1/8 




7 


5/16 -1/16 5/8 




8 


-1/8 5/8 1/4 



3:9 



3;10 




7 8 




3 


-1/5 4/5 




6 


-4/5 -1/5 



5;2 



5;4 




3 7 8 




4 


-3/8 -3/8 -1/4 




5 


9/16 -1/16 -3/8 




9 


1/16 -9/16 3/8 



5;5 




1 


3 


7 8 




4 


2/5 


9/40 


-1/8 -1/4 




5 


1/5 


9/80 


9/16 1/8 




9 


9/25 


-121/400 


-9/80 9/40 




11 


1/25 


-9/25 


1/5 -2/5 



5;^ 



5:9 



1/8 5/8 -1/4 
-5/16 -1/16 -5/8 
9/16 -5/16 -1/8 



5;6 




3 8 




4 


-3/4 1/4 




9 


-1/4 -3/4 



5:11 



Table 2. The triplets (ajffxp) which have e(<7j///g) = —1. 
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FjJ. [/J 


N/3 


[vjh ill 


Mp 


Fiji L/J 


N/3 


F./J. [/J 


MP 


FjJ. L/J 


Mp 


2,2 


/I 
4 


Q-Q 

o,o 


A 

4 


Q.£ 

o,o 


n 
I 


Q -O 

o,y 


y 2 


0,0 


1U 


2,3 





Q-Q 

o,o 


p. 


O,0 


O 

9i 


Q -O 


1U 


5,7 


11 


2,6 


o 
O 


Q . Q 

3;3 


o 
O 


3;6 


9 2 


Q -O 

3;9 


11 






2;6 


7 


3;4 


8 


3;6 


10 


5;5 


8 






2;8 


10 


3;5 


9 


3;7 


10 


5;6 


8 







e^ajffip) = e(fajfip). The cases e(ajffj,p) = 1 which occur when oj or / are either 
totally symmetric or totally antisymmetric are not shown. 

All the triplets needed in this calculation, which are not listed in Table 2, have 
e(<rjfvp) = 1- 

Table 3. The transformation between physical and symmetry bases in the 
CS scheme for (YIJ) = (210). The labels of the columns are the values of [v] [fi]p 



B 1 B 2 


193 353 343 3 9i 3 3 9 2 3 3 11 3 


NN 
AA 


-^1/9^1/2-^1/4-^1/36 
^4/45 ^16/45 ^16/45 yJl/5 



Table 4. Same as Table 3, but for (FIJ) = (201). 



BiB 2 


1 8 5 


3 3 5 


3 6 5 


3 8 5 3 7 5 


3 10 5 


NN 
AA 


-\A/9 
^4/45 


^9/20 



-^16/45 



^1/36 -y/l/18 
^16/45 




-^5/9 



Table 5. Same as Table 3, but for (Y7J) = (000). 
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R R 
D1D2 


1 Q 3 

i y o 


1 4 8 

1 4 O 


9 ^ fi 
ZOO 


9 4 fi 
z ^ 


9 Q 
z y u 


3 ^ 3 

000 


^ 4 ^ 
0^0 


NE 








\/l/6 


-a/1/4 


-a/5/36 








yy. 


. /i /SfiD 


— , /3/4D 


n 

W 


n 


n 


—4/1 /80 
V J-/ 00 


,/l /I 6D 


A T' — 1 


/ 1 /on 

V 1 / 30 


it /1 n 

V 1 / 10 











/ /on 

-y/3/20 


/o / /in 

v 3 / 40 


A A 

AA 


/o / /in 

-^3/40 


/i //in 

^1/40 


(J 


n 

u 


u 


/ot /on 

W27/80 


/ ot /1 /^n 

— W27/160 


Zj Zj 


//i //i t; 

v 4 / 45 


u 


u 


n 
U 


n 
u 


n 
U 


n 
U 




o yi o 


o y2 o 


olio 


02 


^ zt fi 
^ u 




y2 


A T' — 1 

























yJl/lUO 


-y/l/360 


n 




^3/20 


, /3/4D 


—4/3/40 


A 7"' — 1 

ivc 


y/l/lW 


-y/l/30 





yl/10 


x/l/20 


/1 //in 

y/1/40 


/ 1 //in 


A A 

AA 


-^3/160 ^3/40 


(J 


x/l/10 v/l/20 


/1 //in 

^1/40 


/1 //in 

-yi/40 




^16/45 


^16/45 


a/T/5 
V ' 
















3 5 8 


3 4 8 


o y o 


4 5 6 


4 9 6 






A 7"' — 1 











-VV3 


-\A/9 








-^3/16 


-^3/160 


—4/3/32 












iv ^ 


\M 


^1/40 


/1 /o 

^1/8 












AA 






x/l/32 


































Tabl e 6. Column label coding, used in Table 1-5, for the Young diagr ams. 
1234567 8 9 10 11 



[6] [51] [42] [411] [33] [321] [222] [3111] [2211] [211111] [111111] 
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